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We investigate the wave properties contained in the collision behaviour of bright-dark solitons in
two-component Bose-Einstein condensates with attractive interactions. We demonstrate that dark
solitons in one component admit interference behaviour and tunneling behaviour, in sharp contrast to
the scalar dark solitons and vector dark solitons. We further characterize the interference properties
in details, by which the interference patterns could be manipulated precisely through changing the
relative velocity of solitons and the peak values of bright solitons. Especially, we show that dark
solitons collision can induce some short-time density humps by the interference effects. It is shown
that the maximum hump value in the dark-soliton component is sensitive to the relative velocity of
solitons, relative phase and relative peak of bright solitons. These results could be used to design
matter wave soliton interferometry in vector systems.
PACS numbers: 05.45.Yv, 02.30.Ik, 42.65.Tg
I. INTRODUCTION
Bose-Einstein condensates (BECs) provide a good
platform to observe solitons, due to the interactions be-
tween atoms [1]. Bright solitons [2–8] and dark solitons
[9–14] appear in BECs with attractive and repulsive in-
teratomic interactions, respectively. Solitons admit both
particle and wave properties. The interaction between
solitons are usually elastic and they interact like particles
[15, 16]. The particle-like characters have been studied
widely. Recently, the wave properties of solitons were dis-
cussed intensely, mainly including interference behaviour
and tunneling dynamics. With respect to the interference
behaviour, bright soliton interferometry was proposed in
BECs with solitons colliding some different potential bar-
riers [17–20]. The properties of interference patterns dur-
ing solitons’ direct collision processes have been studied
analytically [21], and relative phase pi ’s role playing in
the collision was investigated experimentally in more de-
tails [22]. These results would certainly be worthwhile to
undertake in both precision measurement and relevant
physical applications. In addition, the tunneling dynam-
ics behavior between two bright solitons have been stud-
ied analytically in [23]. In contrary to these scalar bright
solitons, scalar dark solitons do not admit interference
or tunneling behavior, due to its effective negative mass
nature.
The multi-component BECs, far from being a trivial
extension of the single-component one, have shown many
novel and fundamentally different dynamical behaviours
[24–26]. Very recently, it was shown that tunneling dy-
namics could be shown between two dark solitons’ in-
teraction in a two-component BEC [27]. Those results
indicated that the dark solitons in one component ad-
∗Electronic address: zhaolichen3@nwu.edu.cn
mitted wave properties, coupling with the bright solitons
in the other component. Then, it is natural to expect
that dark solitons in one component should admit inter-
ference behaviour, with the interference process of bright
solitons in the other component. Therefore, we intend to
study the interference properties of bright-dark solitons
in a two-component BEC system.
In this paper, we mainly study the interference prop-
erties of bright-dark solitons in two-component BECs
with attractive interatomic interaction. We show that
temporal-spatial interference patterns can be produced
in both components during two solitons’ collision pro-
cesses. The explicit interference periods are characterized
analytically, which suggest that the interference patterns
could be manipulated precisely through controlling the
relative velocity of solitons and the peak values of bright
solitons. Moreover, we note that the maximum density
value of dark-soliton component can be higher than the
background. The maximum hump value is sensitive to
the variation of relative velocity of solitons, relative phase
and relative peaks of bright solitons. Additionally, we ex-
hibit the tunneling dynamics of solitons in both compo-
nents. These striking characters of dark solitons collision
are induced by the the nonlinear interaction between two
components and the wave properties of bright solitons, in
sharp contrast to the scalar dark solitons and dark-dark
solitons.
Our presentation of the above features will be struc-
tured as follows. In Sec. II, we introduce the theoret-
ical model and present the solitons solutions. In Sec.
III, we analyze the wave properties during the interac-
tions between two bright-dark solitons in details. The
interference properties are characterized clearly. The in-
teractions between dark solitons can induce a hump on
the nonzero background, and the maximum hump den-
sity value is sensitive to solitons’ profile properties. The
tunneling behaviour between solitons is also discussed.
Finally, we summarize our results in sec. IV.
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2II. THEORETICAL MODEL AND
BRIGHT-DARK SOLITON SOLUTIONS
Our system of interest consists of a two-component
BECs with attraction inter-atomic interactions, whose
dynamics can be described well by the following two cou-
pled NLSE [34, 35]:
iq1,t +
1
2
q1,xx + (|q1|2 + |q2|2)q1 = 0,
iq2,t +
1
2
q2,xx + (|q1|2 + |q2|2)q2 = 0,
(1)
where q1 and q2 are functions of the space coordinate x
and time t. They denote the wave functions of the two
components in BEC [34]. The system admits many dif-
ferent nonlinear waves. We mainly study the interactions
between bright-dark solitons. Therefore, we excite bright
solitons in q1(x, t), and the dark solitons in q2(x, t). To
study the dynamical properties of bright-dark solitons,
we obtain the soliton solutions by solving the appropri-
ate Lax-pair [35] with the seed solutions q01 = 0 and
q02 = e
it. The one bright-dark soliton solution can be
deduced as follows
q11 = s1e
i(1−σ1) sech(α1 − R
2
),
q12 = e
it[s2 tanh(α1 − R
2
) + s3],
(2)
where α1 = g1(x + v1t) − d1, σ1 = 12 (v21 − g21)t +
v1x + h1, R = ln(1 +
1
g21+v
2
1
), s1 = −ib1e−R2 , s2 =
ib1(v1−ig1)
g21+v
2
1+1
, s3 = 1− s2, g1 = 12 (b1 + a1b12v1−a1 ), v1 = a12 (1 +√
2b1/
√
−4− a21 + b21 +
√
(a21 + 4)
2 + 2(a21 − 4)b21 + b41).
The parameter s1 describe the amplitude of bright
soliton. s2 and s3 are related to the notch value of
dark soliton. The velocity of soliton is given as v1. d1
and h1 are used to vary the initial locations and phase
of solitons, respectively. The bright soliton appears in
the component q11 and the remaining component q12
comprises of dark soliton. In order to investigate the
wave properties contained in the solitons’ interaction
process, for simplicity and without loss of generality, we
discuss two bright-dark solitons’ interaction based on
exact two-solitons solution. The two-soliton solution can
be written as
q21 = q11 +
(λ∗2 − λ2)Φ∗1Φ2
|Φ1|2 + |Φ2|2 + |Φ3|2 ,
q22 = q12 +
(λ∗2 − λ2)Φ∗1Φ3
|Φ1|2 + |Φ1|2 + |Φ3|2 ,
(3)
where star means the complex conjugation, and λ2 =
a2 + ib2. The explicit expressions for Φj (j = 1, 2, 3) are
presented in the Appendix. The asymptotic expressions
for bright two solitons solution q21 before collision (in
the limit t→ −∞) take the following forms through the
analysis technic:
BS1 = c1e
i(t−σ1) sech(α1 +
R1
2
),
BS2 = c2e
i(t−σ2) sech(α2 +
R2
2
),
(4)
BS1 and BS2 is the asymptotic expressions of first bright
soliton and second bright soliton in component q21 before
collision, respectively. And
vj =
1
2
[aj +
√
2ajbj/Γj ], gj =
bj
2
+
√
2
4
Γj , (5)
σj = vjx+
1
2
(v2j − g2j )t+ hj , αj = gj(x+ vjt)− dj ,
Γj =
√
−4− a2j + b2j +
√
(4 + a2j )
2 + 2(a2j − 4)b2j + b4j .
and the parameters cj , Rj are presented in the Appendix.
Based on expressions (4) and combining the density cal-
culation, the peak values of two bright solitons can be
calculated as Pj = bj
√
v2j+g
2
j
1+v2j+g
2
j
. Then, we use several
essential parameters to describe physical properties of
bright-dark two solitons: Pj , vj , hj , dj(j = 1, 2). The pa-
rameter vj describe the velocities of solitons. dj are used
to change the initial locations of solitons. hj correspond
to the initial phase of two bright solitons. It must be men-
tioned that asymptotic expressions (4) are derived with
v2 > v1 and g1, g2 > 0. So, when the related parame-
ters are chosen, the solutions will present the dynamics
behaviour of bright-dark two solitons directly. The next
step is to study the intriguing collision process of two
solitons based on expression (3) by choosing appropriate
parameters.
III. COLLISION BEHAVIOUR OF DARK
SOLITONS IN THE PRESENCE OF BRIGHT
SOLITONS
Based on two solitons solution (3), it is convenient
to study their dynamical properties in a two-component
BECs. We demonstrate there are mainly three striking
characters: interference pattern, humps induced by dark
solitons interactions, and tunneling behavior, in contrast
to the scalar dark solitons and dark-dark solitons. Then,
we discuss them separately.
A. Interference pattern
To the best of our knowledge, the interaction between
scalar dark solitons and vector dark solitons always failed
to create the interference patterns. But for bright-dark
solitons, not only the collision between two bright soli-
tons generates the temporal-spatial interference pattern
in component q21, but two dark solitons’ interplay also
yields the temporal-spatial interference pattern in com-
ponent q22. As an example, we show one case in Fig.1
3FIG. 1: (a) and (b) Density plots for bright-dark two solitons’
collision which correspond to bright-soliton component q21
and dark-soliton component q22 respectively. It is seen that
temporal-spatial interference patterns appear in both compo-
nents. (a1) and (a2) correspond to intensity profiles of two
solitons in bright-soliton component before collision (t = −2)
and the collision happened (t = 0) respectively. (b1) and
(b2) correspond to the profiles of waves in the dark-soliton
component. It is shown that dark solitons admit interference
pattern too, in contrast to scalar dark solitons and vector
dark solitons. The parameters are v1 = 2.4, v2 = −1.1, P1 =
0.37, P2 = 0.3, d1 = d2 = 0, h1 = h2 = 0.
(a,b) by choosing parameters v1 = 2.4, v2 = −1.1, P1 =
0.37, P2 = 0.3, d1 = d2 = 0, h1 = h2 = 0. The corre-
sponding initial profiles of two solitons before the col-
lision have been shown in Fig.1 (a1,b1) at t = −20.
(a1) and (b1) correspond to component q21 and com-
ponent q22 respectively. Fig.1 (a2,b2) characterize the
interference behaviour and density distribution clearly
when the collision occurs at t = 0. (a2) is for bright-
soliton component and (b2) is for dark-soliton compo-
nent. The temporal-spatial interference pattern shown in
bright soliton component q21 gives excellent agreement
with one-component scenario[21], with which the fasci-
nating property of bright solitons’ collision have been an-
alytically studied by density calculation and asymptotic
analysis technic. Interestingly, the interference behav-
ior in bright soliton component makes the dark solitons
in the other component admit interference pattern. The
emergence of interference pattern in the dark soliton com-
ponent q22 is nontrivial, which have not been reported
yet, as we known.
Then, why the collision between dark solitons can pro-
duce the interference behaviour? Generally speaking,
bright solitons exist in the case of self-attractive inter-
actions in the atomic realm where interference behaviour
can be observed under the appropriate condition [36–
38], and dark solitons for self-repulsive interactions in the
atomic case, while interference behaviour can’t happen in
that regime on their own. These characters should come
from that the nonlinear interaction between two com-
ponents make the the interference behaviour in bright-
soliton component induce the interaction between dark
solitons to generate the interference pattern. Namely,
due to the feedback of the wave properties of bright-
soliton component onto the dark one, dark solitons in-
terfere with each other in second component. But the
interference pattern can not always be observed during
the bright-dark solitons interactions, since the interfer-
ence period should be smaller than the soliton scale for
visible interference stripes [21].
We present definite properties of the nonlinear inter-
ference periods during solitons’ interaction process by
means of the density calculation and asymptotic anal-
ysis technic based on the two-soliton solutions (3). The
spatial period and temporal period could be calculated
as
D =
2pi
v1 − v2 , (6)
T =
4pi
g22 − g21 − v22 + v21
. (7)
Obviously, the spatial period is determined by the rel-
ative velocity of solitons, which is similar to the scalar
bright solitons [21]. But the temporal period is distinc-
tive from the ones for scalar bright solitons, since the pa-
rameter gj contains more than the peak value of solitons.
Based on matter wavelength theory [39], when physical
parameters related bright solitons can satisfy the condi-
tion that the spatial interference period is smaller than
scale of solitons and temporal period is smaller than the
time scale of collision, the temporal-spatial interference
pattern can be observed, such as Fig.1(a,b). Therefore,
bright solitons play a predominant role for dark solitons’
interference behaviour in coupled system (1). From a per-
spective of dynamical observation, one may expect that
the interference patterns could be manipulated precisely
through changing the relative velocity of solitons and the
peak values of bright solitons.
Remarkably, as shown in Fig. 1(b), dark solitons col-
lision can induce some short-time humps by the interfer-
ence effects, which is also in sharp contrast with the scalar
dark solitons. It is a clear indication to the fact that
bright solitons could induce dark solitons admit much
more richer dynamics than in scalar system on their own,
except that dark solitons can exist in BEC with attractive
interactions. Then, this point will be further investigated
in what follows.
B. The maximum hump density value in the
dark-soliton component
In general case, dark solitons undergo elastic collision
with phase shift after collision and could form some dips
in collision center in repulsive interaction system [40] or
4FIG. 2: The collision between two bright-dark solitons with
the density hump value of dark-soliton component is much
higher than background density. (a) and (b) The densities dis-
tribution of two solitons’ collision, which correspond to com-
ponent q21 and component q22 respectively. (a1) and (a2) cor-
respond to intensity profiles of two solitons in bright-soliton
component before the collision (t = −2) and the collision hap-
pened (t = 0 ) respectively, the (b1) and (b2) correspond to
dark-soliton component. The interaction between two dark
solitons induce a much higher density hump above the back-
ground density. This character is absent for scalar dark soli-
tons studied before. The parameters are P1 = 2, v1 = 1, P2 =
P1, v2 = −v1, d1 = d2 = 0, h1 = 1.8pi, h2 = 0.
mixed system (mixed attractive and repulsive nonlineari-
ties) [41, 42]. However, as illustrated in Fig.1(b), a high-
lighted feature of this present is that some short-time
density humps can be created when dark solitons inter-
fere with each other, which differ substantially with the
collision of scalar dark solitons and even dark-dark soli-
tons. The density humps in dark soliton component are
not very visible in Fig. 1 (b). To show this character
more clearly, we plot Fig.2(a,b), by setting parameters
P1 = 2, v1 = 1, P2 = P1, v2 = −v1, d1 = d2 = 0, h1 =
1.8pi, h2 = 0. The corresponding initial profiles of them
before the collision are depicted in Fig.2(a1,b1) respec-
tively at t = −2. The corresponding intensity profiles
Fig.2(a2,b2) describe the density distribution in collision
center vividly (when t = 0). It is seen that the collision
between two bright solitons with identical peaks produce
a hump and two slightly unequal valleys, and the collision
of two dark solitons with equal notch value forming a high
hump above the background and two unequal valleys be-
low the background in component q22 simultaneously. In
this case, the hump appeared in dark-soliton component
is significantly higher than the background. The width
of the dips increases when dark solitons collide to form
the hump above the background in component q22, since
the particle numbers in each component is necessarily
conserved.
From the above discussions, we know that the veloc-
ities and the peaks of two bright solitons are related
to the interference patterns’ periodic properties which
affect the density distribution simultaneously, but rela-
tive phase between two bright solitons has nothing to do
with it. As we known, the relative phase between bright
solitons affects the density distribution [20]. Then, how
do these physical parameters affect the density hump of
dark-soliton component? Since the expressions are too
complicated to describe these properties, we choose Fig.
2 for an example to discuss the changes of maximum
hump value of dark-soliton component by varying the
relative velocity of solitons, relative phase and the rela-
tive peak of two bright solitons one by one through the
control variate method.
Firstly, we study the effect of the relative phase be-
tween bright solitons on the maximum density value of
the hump in the dark-soliton component. Generally, in
two-soliton circumstance, one soliton can be regard as
the reference (h2 = 0 herein), and the other soliton’s ini-
tial phase (h1) will become the relative phase (denoted
by φ) between two bright solitons. Then, one can observe
the change of the maximum hump value of dark-soliton
component as the variation of the φ value, as presented
in Fig.3(a), with h1 = φ,RV = 2v1, RP = 0, and the
other parameters are identical with the ones in Fig.2.
Obviously, the hump value is very sensitive to the rel-
ative phase of bright solitons. It is seen that with the
increase of the φ value, the hump value of dark-soliton
component appears decreasing at first and then increas-
ing gradually after reaching the minimum hump value
which approximate the background amplitude. Subse-
quently, the hump value reaches to the maximum value
(at φ ≈ 1.8pi). It indicate that the density distribution of
dark-soliton component strongly depends on the relative
phase between bright solitons. This character could also
be used to measure the relative phase between solitons.
In the second scenario, we explore the changes of
the maximum hump value of dark-soliton component by
varying the relative velocity (RV) of two solitons by set-
ting the parameters h1 = 1.8pi, v2 = v1 − RV,RP = 0,
and the other parameters are identical with the ones in
Fig.2. As shown in Fig.3(b), when the RV value is rela-
tively small, the density value increases to the maximum
value with the increase of the RV value. Afterwards,
in the wake of the further increase of RV, the density
value is reduced to be very closer to the background.
Thereafter, the change of the maximum density value is
nearly imperceptible with the further increasing of RV
value. This demonstrates that when the relative velocity
of solitons is relatively small, the density distribution of
dark-soliton component apparently rely on the relative
velocity of solitons.
5FIG. 3: The variation of maximum hump value in dark-soliton component q22 vs the soliton parameters. (a) The maximum
hump value varies with the relative phase (φ) for the choice of parameters P2 = P1, v2 = −v1, h1 = φ, h2 = 0. (b) The maximum
hump value varies with the relative velocity (RV) between two solitons, and the parameters are P2 = P1, v2 = v1 − RV, h1 =
1.8pi, h2 = 0. (c) The maximum hump value varies with the relative peak (RP) between two bright solitons with parameters
P2 = P1 − RP, v2 = −v1, h1 = 1.8pi, h2 = 0. It is shown that the maximum density hump value is sensitive to bright soliton
parameters. The other parameters are identical with the ones in Fig.2
Thirdly, we investigate the change of the maximum
hump value of dark-soliton component by varying the rel-
ative peak value (RP) between two bright solitons by set-
ting the parameters h1 = 1.8pi,RV = 2v1, P2 = P1−RP,
and the other parameters are identical with the ones in
Fig.2. This is depicted in Fig.3(c). Note that the maxi-
mum density value becomes progressively discernible as
the increase of RP value. When the difference between
their peaks value keep decreasing, the maximum density
value continues to increase and exceeds the density value
when the two soliton peaks are equal. When RP value
further increase making the peak of second soliton be
very small, the maximum density value decrease rapidly
being close to the background. This indicates that the
scales of two bright solitons affect the density distribu-
tion of dark-soliton component. These analysis results
are based on the condition that relative velocity between
two solitons is relatively small. It must be mentioned that
when the RV between two solitons is relatively large, the
change of the RP value has no significant effect on the
maximum density value in dark-soliton component.
More recently, a method was proposed to split the
ground state of an attractively interacting BEC into two
bright solitary waves with controlled relative phase and
velocity [43]. combining these three situations discussed
above, one expect these properties could be used to test
some physical quantities related to solitons in the near-
future experiments.
C. Tunneling behaviour
As mentioned above, the coupled system (1) possess
richer dynamic behaviour between dark solitons’ interac-
tion in component q22 than scalar dark solitons and dark-
dark solitons, such as interference behaviour and short-
time density humps. From the perspective of dynamical
observation, these intriguing phenomenon are caused by
the nonlinearity interaction between two components and
FIG. 4: The tunneling behaviour between two bright-dark
solitons. (a) shows the density of the bright-soliton compo-
nent, (b) for the dark-soliton component. It is seen that the
oscillating tunnleing behavior emerges during the interaction
process. Parameters are P1 = 3, v1 = 0.05, P2 = 4, v2 =
−v1, d1 = −d2 = 0.01, h1 = h2 = 0.
wave properties of bright solitons. The tunneling dynam-
ics between the bright solitons have been studied analyt-
ically [23]. And the quantum tunneling dynamics of soli-
tons have been discussed well in [28–33]. Very recently, it
was shown that tunneling dynamics can be generated be-
tween two dark solitons’ interaction in a two-component
BEC [27]. Those results indicated that the dark soli-
tons in one component admitted wave properties, cou-
pling with the bright solitons in the other component.
Then, it would be natural to expect that the tunneling
behaviour between dark solitons can also be created in
this coupled system (1).
As expected, when two solitons have very small relative
velocity, and the relative location between two solitons
are relatively close, the tunneling dynamical behaviour
can emerge in both components. One of the typical ex-
ample of the density of the obtained solution for tunnel-
ing behaviour has been depicted in Fig.4 by setting the
parameters P1 = 3, v1 = 0.05, P2 = 4, v2 = −v1, d1 =
−d2 = 0.01, h1 = h2 = 0. (a) shows the density of the
6bright soliton component, and (b) for the dark soliton
component. It is seen that solitons in both components
approach and depart each other very slowly. Here, the
coupled nature of the bright and dark solitons dynamical
evolution is particularly evident. For bright soliton com-
ponent, this phenomenology is strongly reminiscent of
the dynamics behaviour in one-component BECs [21, 23].
While the tunneling behaviour of the dark soliton com-
ponent do not admitted in scalar dark solitons and dark-
dark solitons due to its effective negative mass nature.
The tunneling period is calculated as T = 4pi
g22−v22−(g21−v21)
without being affected by the relative phase between
bright solitons. The period should be smaller than the
half of time scaler of collision for visible tunneling be-
haviour. In addition, it is emphasized that the relative
phase between bright solitons have a substantial influ-
ence on the tunneling particle numbers between solitons
in each component.
IV. CONCLUSION AND DISCUSSION
In this paper, we show that temporal-spatial interfer-
ence patterns can be generated in both components dur-
ing two solitons’ collision process, which is not admitted
for dark solitons on their own due to the nature of dark
solitons. Through combining density calculations and
asymptotic analysis technic, we obtain the explicit the
temporal-spatial interference periods expressions, which
can be used to design soliton interferometry to measure
some physical quantities [20]. Particularly, the maximum
density value of dark-soliton component can be higher
than the background. This character is in sharp contrast
to the scalar dark solitons. The maximum density hump
value becomes extremely discernible as the variation of
relative velocity of solitons, relative phase and relative
peak of bright solitons, respectively. Additionally, we dis-
play the tunneling dynamics in both components, which
do not admitted in scalar dark solitons and dark-dark
solitons for dark-soliton component. From a physical
perspective, the nonlinear feedback of the bright-soliton
component causes the dark solitons’ interaction possess
admit more interesting dynamics in the other component.
Very recently, interferometry with BECs in micrograv-
ity [44] and spin-orbit-coupled interferometry [45] were
proposed, which demonstrate that the interference pat-
tern holds great promise for implementing quantum tests
and measurement information for uncorrelated systems.
The interference behaviour and tunneling behaviour of
vector solitons here could be used to measure some phys-
ical quantities in BECs [17, 20].
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Appendix
The explicit expressions for Φj(j = 1, 2, 3) is given by the form
Φ1 = AΦ21Φ21 +
1
B
{λ1Φ11C + λ∗1[(|Φ12|2 + |Φ13|2)Φ21 − (Φ∗12Φ22 + Φ∗13Φ23)Φ∗11]},
Φ2 = AΦ22Φ22 +
1
B
{λ1Φ12C + λ∗1[(|Φ11|2 + |Φ13|2)Φ22 − (Φ∗11Φ11 + Φ∗13Φ23)Φ∗12]},
Φ3 = AΦ23Φ23 +
1
B
{λ1Φ13C + λ∗1[(|Φ11|2 + |Φ12|2)Φ23 − (Φ∗11Φ21 + Φ∗12Φ22)Φ∗13]},
Φj1 = e
i
2 [τj(2x+τjt)+2hj ]+dj ,Φj2 = e
i
2 (−2kx+k2t+2θ),Φj3 = e
i
2 [τj(2x+τjt)+2(θ+hj)]+dj/(k + τj),
A = λ2/(λ2 − λ∗1), B = (λ∗1 − λ2)(|Φ11|2 + |Φ12|2 + |Φ13|2), C = Φ∗11Φ21 + Φ∗12Φ22 + Φ∗13Φ23.
The expressions for Rj and cj (j = 1, 2) are presented as follows:
c1 = ib1e
R1
2 [
−i2b2τ∗2
Y2τ∗1M2
(1 + τ∗1 τ2)− 1], c2 = −ib2e−
R2
2
m2Y1
M2Y2
, τj = vj + igj ,
R1 = ln
m1M2X2
M1M2X1 + 4b1b2[(v1 − v2)2 + (g1 − g2)2] , R2 = ln
m2X1
M2X2
,
X1 = (a1 − a2)2 + (b1 − b2)2, Y1 = a1 − a2 + ib1 − ib2,mj = v2j + g2j
X2 = (a1 − a2)2 + (b1 + b2)2, Y2 = a1 − a2 − ib1 − ib2,Mj = 1 +mj .
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